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In a paper by Yong-gao Chen {On a conjecture in Diopantine approximations, 
Acta Math. Sinica 33; No. 5, 1990), the following conjecture was given: For any n 
positive real numbers a,, a*, ._., an. there exist n integers k,, kz, . . . . k, such that 
1 
a,k,-a,k,<La,---aa,, n+l nfl 
i, j = 1, 2, . . . . n. 
For n = 2.3, the conjecture was proved in the article mentioned above. For n = 4 
the conjecture was proved by the same author in (On a conjecture in Diophantine 
approximations II, .I. Number Theory 37, No. 2, 1991). In this paper some more 
general results are proved. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
For any real number x, let //x/l denote the distance from x to the nearest 
integer. Cusick and Pomerance [S] gave the following conjecture: 
Cl. For any n positive integers a,, a,, . . . . a,, there is a real number x 
such that each (laixll > (n + 1)-i. 
For n = 2,3, several proofs of Cl have been given [ 1,2, 3,4]. For n = 4, 
Cusick and Pomerance [S] have given a proof of Cl. 
In [6] the following more general conjecture was given: 
C2. For any n positive real numbers a,, a2, . . . . a,, there exist n integers 
k, , kz, . . . . k, such that 
n 1 
aikj-a,k,,<-----.---a. 
n+l ’ n+l I’ 
i, j’= I,2 > . ..> n. 
For n = 2,3, C2 has been proved by Chen in [6]. For n = 4, Chen gave 
a proof of C2 in [7]. In this paper more general results are proved. Firstly 
we give two lemmas. 
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LEMMA 1. Let 0 < A< 4 be a real number und a,, a2, . . . . a,, be n positive 
real numbers. The following statements are equivalent: 
(A) There exist n integers k, , k?, . . . . k, such thut 
a,k,-ajk,d(l -1)a,-la,, i, j= 1, 2, . . . . n. 
(B) There is a real number x such that each ~~aix\\ >, 2. 
Proof Suppose that (A) holds. Let 
Then 
k- A k- 1-A 
‘+-<x<l+- i = 1, 2, . . . . n. 
ai a, a, aj ’ 
That is I(a,xJI B A (i = 1,2, . . . . n). 
Conversely, if there is a real number x such that each lla,xlJ > 1, then 
there exist n integers k,, k,, . . . . k, such that 
Hence 
k,+Iga,xdk,+ 1 -A, i = 1, 2, . . . . n. 
ai(kj+ A) Q aiajx < a,(k,+ 1 - A), i,j=l,Z n. , .‘., 
That is 
a,k, - ajki < (1 - 1) aj - Aai, 
This completes the proof of Lemma 1. 
i, j = 1, 2, . . . . n. 
LEMMA 2. Let 0 < 1< $ be a real number and A be a closed set in E” 
such that for any real number 6 #O, 6A = A. If for any integral point 
(p,, p2, . . . . p,) not in A with positive coordinates there is a real number x 
such that each (1 pixll 2 I, then for any real number E > 0 and any real point 
(a,, a2, . . . . a,,) not in A with positive coordinates there is a real number x 
such that llaixll 2 ,I -E. 
Proof. Suppose that (al, a2, . . . . a,,) is a real point not in A with positive 
coordinates. By Theorem 200 in [8] we know that for any positive integer 
m there is an integer qm > m and n integers p,,,,, p2,,,, . . . . p,,,,, such that 
14di-Piml <-$<j-$ ( P=~ i=l,2 n’ ) . ..) n . m > 
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Since for any real number 6 # 0, 6A = A, we know that (p,, p2, . . . . p,) E A 
is equivalent to that for any integer q # 0, (p,/q, p2/q, . . . . p,,/q) E A. Again, 
by A being a closed set, (PI,,&,,,, p2,,,lqmr . . . . P,,,,,/%,) + (~1, ~2, . . . . J,,) 
(m + co), a,>0 (i= 1,2, . . . . n), and (a,, u2, . . . . a,)# A, we know that there 
is an integer h4>, 2” such that for any m > M we have pjm > 0 (i = 1,2, . . . . n) 
and ( plrn, pzrnY . . . . prim) # A. 
For any m > M we take t,, 0 < t, < 1, such that 11 pi,t,ll > 1 
(i= 1,2 3 . . . . n). Thus 
Il”i~mtmll = II(“i4m- Pim) tm+ PimtmII 
2 II Pim tmll - llt”i4m - Pin71 tmll 
From this we get a proof of Lemma 2. 
THEOREM 1. For any three positive integers a, < a2 <a, such that 
g.c.d.(u,, u2, u3) = 1, we have that 
(A) If u3 #a, +a, and for any integer k we have (a,, a,, a,)# 
(1, 2, 3k), then there exist three integers k,, k,, k, such that 
uikj - uik, < (1 - 2) a, - lui, i, j= 1, 2, 3, 
where II= 4; 
(B) Zf there is an integer k such that (a,, a,, u,)=(l, 2, 3k), then 
there exist three integers k,, k,, k3 such that 
u,k, - ujki < (1 - 1) a, - lui, i, j= 1,2,3, 
where 1= k/(3k + 1); and 
(c) If”3=U,+U2, then there exist three integers k,, k,, kX such that 
where 
uiki-u,k,<(l -~)~~-~a,, i, j= 1, 2, 3, 
1 
-3 
3 
a,-u,=3k; 
a,-ua,=3k+1; 
-_-- a, - a, = 3k + 2. 
Further the above results cannot be improved on the same conditions. 
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THEOREM 2. For any three positive real numbers a, < az Q a3, zf at least 
one of azfal and a3/a, is irrational, then for any E >Q, there exist three 
integers k,, kZ, k, such that 
a,k, - ajki d (1 - 3.) a, - lai, i, j= 1, 2, 3, 
where I = 4 - E. 
Define 
for any three positive real numbers a,, a2, a3. Then 
P(a,, a*, a3) = inf 
c ( mgEZ l<i<j<3 
aim, - ajm, + y 
>I 
’ i$l at, 
Zf we note that (a,t -mi- $)‘= ( --ait - ( -mi- 1) -i)‘, we have 
For P(a,, a,, a3) we have the following conclusion: 
COROLLARY. (A) Zf a3 #a, +a,, or a,/a, is irrational, then 
P(a,, a2, a31 6 h. 
(B) Zf a3 = a, + a2 and a,, a2 are two integers such that g.c.d.(a,, a2) 
=l, then 
1 
12’ 31az-al, 
P(a,, a2, a31 = 1 L,’ 1 12 3a:+ag+a:’ 3ta,--a,. 
Remark. By the Corollary we known that 
sup P(a,, a2, a3)=$. 
$8 
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This gives a proof of Cusick’s conjecture v(3) = 3/a (see [2]). Another 
proof was given by V. C. Dumir and R. J. Hans-Gill [9]. Further results 
were given by Yong-gao Chen [lo]. 
2. PROOFS OF THE THEOREMS AND COROLLARY 
In the following we always assume that a, < a2 < u3. 
Firstly by using Lemmas 1 and 2 we derive Theorem 2 from Theorem 1. 
Suppose that Theorem 1 is true and let a, <a, < a3 be three positive real 
numbers such that at least one of a2/u1 and ~~/a, is irrational. By 
Theorem 1 we see that for any three positive integers p1 < p2 6 p3 such that 
g.c.d.(p,, pz, p3) = 1, there exist three integers k,, k,, k, such that 
piki-pjk,~(l-I)pj-~pj, i, j= 1, 2, 3, 
where 1= l/3 - 42, except for finitely many integral points ( pIi, pzi, p3i) 
(i= 1,2, . . . . n). Let 
A = {p(pli* p2i, p3i) (i= 1, 2, . . . . n) : p a real number.) 
Then A satisfies the conditions in Lemma 2. By Lemmas 1 and 2 we can 
derive Theorem 2. 
From above arguments we see that it is enough to prove Theorem 1. 
For any two positive integers a,, u2, if a, = u2, then for k, = k, = 0 we 
have 
ia2 - $a, <a, k, - a,k, d $a, - ia1 ; 
if a, # a,, then by 
$z2 - $q - ($I, - $2,) = +(q + u2) 2 g.c.d.(a,, a2) 
there exist two integers k,, k, such that 
+a2-fal 6a,k,-a,k, <:a,-fa,. 
From these arguments we may assume that al c a2 < a3. Let 
g.c.d.(a,, u2) = d. Then there exist two integers a, b such that 
a3 = a(a,/d) + b(a,/d). For any two integers m, n, let 
A=&+?, d-a-b r=n+ 
2 . 
Since g.c.d.(a,, a2) = d, there exist two integers m,, m2 such that 
a,m,-a,m,=md. 
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Since g.c.d.(d, as) = g.c.d.(a,, u2, u3) = 1, there exist two integers li,, t such 
that 
dk,-a,t=n+am, +hm,. 
Let 
k,=m,+?t, k,=m,+. 
Then 
A = a, k, - a,k, + y, 
r=dk3-ak,-bk,+ 
d-a-b 
2 ’ 
aI -a3 a,k,-a,k, +- 
2 
=$,+;r, 
a2-4 a,k,-a,k,+-= 
2 
-;A+?r, 
Thus it is enough to prove that there exist A, r such that 
(3) 
(1) 
(2) 
LEMMA 3. Zf a,<2a,, thenfor k,=k,=k,=O, 
a,k, - ajki 6 3 aj - f ai, i, j= 1, 2, 3. 
The proof is omitted. 
LEMMA 4. Zf the conditions in Theorem l(A) hold and (i) a3 > 2a,, d> 2, 
or (ii) a3 > 2a,, d = 1, then there exist three integers k,, k,, k, such that 
aikj-ajki<$aj-ia,, i, j= 1, 2, 3. 
ProoJ Let A = f. Divide into two cases: 
Case A. (a, - a,)/d is even. We take A =0 and Jr\ < 4. Then (I), (2), 
and (3 ) all hold. 
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Case B. (a, -a,)/d is odd. We take A = id. Then (1) holds. If 
u2 > a, + 3d, then (2) and (3) are equivalent to 
--$(u,+u~)+~<r+u,+u,)+~. 
2 2 2 2 
~~02+u,~+~-~-~~u2+u,~+~)=%o>1, 
2 2 2 2 2 
there is an r such that (4) holds. 
Now we assume that u2=u, +d. By taking a= -a3 and b=q, we see 
that (2) and (3) are equivalent to 
d 2u,d d lu,d -----</.< -__-. 
6 3a, 6 3a, 
(5) 
If d>3, or d=2 and u,#2, then 
Hence there is an Y such that (5) holds. If d = 2, a, = d, and u3 = 3k + 6, 
where 6 = 0, f 1, then by taking r = -k we see that (5) holds. 
In the following we consider that d= 1. In this situation (5) is equivalent 
to 
- 3u2r - 4u2 1 
2 
<a,< -3a,r+-a,. 
2 (6) 
If aI23 and r6 -1, or a,=2 and r< -$, then 
-3u,(r-l)-ia2 1 
2 
< -3a,r+-a,. 
2 
Hence for a, 2 3 and u3 > 2u2, or a, = 2 and u3 2 {a,, there is an r such 
that (6) holds. If a, = 2, a3 < ia,, then a3 < 10. By taking r = - ;, we see 
that (6) holds. If a, = 1 and u3 = 3k + 6, where 6 = 1,2, then by taking 
r = -k - f we see that (6) holds. 
This completes the proof of Lemma 4. 
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LEMMA 5. If the conditions in Theorem 1 (A) holds, d = 1, und 2a, < 
a3 <24, then there exist three integers k,, kZ, k, such that 
a,k, - a,k, < fa, - ;a,, i, ,j = I. 2, 3. 
Proof: Let A= i. In the following we take two integers a, b such that 
-a,/2<a<a# and a3=aa,+baz. 
If a 2 0, then by a3 <2a, we have b < 1 and by a2 < a3 < (a,/2)a, + haI 
we have b> -;a,+;. 
If aGO, then by a3 >a, we have bk2 and by -(a,/2) a, + ba, < 
a3 <2a, we have b $ (a1/2) + 312. 
Firstly we prove that f(ui + a3) > Jbl. If a, > 3, then 
If a, = 2, then 
If a, = 1, then by a3 <2a, and a3 #a, + a2 we have a3 > 5. Thus 
f(a, + 0,) > 2 > IN. 
This completes the proof of $(a1 + as) > lb/. 
Ifa+bisodd,wetaker=Oand IAJ<i.Then(l), (2),and(3)allhold. 
Now we assume that a + b is even. In this situation we take r = 4. Since 
a,<a3<2a,, we see that a#O. If b =O, then by a + b being even and 
a3 > 2a, we have a 2 4. Since 
there is an A such that (3) holds. For the A, (1) and (2) both hold. 
In the following we assume that a #O, b #O. Thus (l), (2), and (3) are 
equivalent to 
If a3 = 2(a, - a,) and a2 = 5, then by a3 > a2 we have a, d 2. For a, = 1 we 
take A = -1. For a, =2 we take A = - 5. Then (7), (8), and (9) all hold. 
DIOPHANTINE APPROXIMATIONS III 99 
In order to prove that there is an A such that (7), (8), and (9) all hold, it 
is enough to prove that for (ai, az, aj) 4 {a, = 2(a, - al), a2 = 5) we have 
that 
max 
1 
-~~a*+u~~,-~(ul+u,)-~,-~(u*+u,)t~ +l 
I 
dmin 
i 
~(ul+u2).$-j(ulcu,)-~, &(u,+u~)+$ 
I 
. 
Noting that (1/3)(u,+u,)kl, (1/3Ib~)(u,+u,)>l, (1/3(al)(a~+a~)>l, 
we need only to prove that 
uj+ Ibl(a,+a,)~6Ibl+2a,, (10) 
u~+lal(u,+a,)36lul+2a,, (11) 
(b( (a2 + u3) + lul(u, + ax) >, 3u, + 6 labI. (12) 
If (11) holds, then by u3 < 2u, we have a, + u2 > 6. Again by u3 > 2u, we 
see that (10) also holds. 
Proof of (11). Divide into two cases: 
Case 1. a > 0. Then (11) is equivalent to 
2uu,+(a+b)u,36u+2u,. 
If b>O, then by u,#u,+u, and u+b being even we have u+ba4. If 
b < 0, then by u3 = au, + bu, = (a + b) a, + b(u, - ai) > 2u, and a + b being 
even we have a + b > 4. Thus by a 6 a,/2 we have 
Case 2. a < 0. Then (11) is equivalent to 
(b-u)u,a -6u+2u,. 
If b - ~12 5, then by a > -a,/2 we have 
(b-u)u,>5u,> -6u+2u,. 
By a, = au, + bu, > az we have b 2 2. Hence b -a > 3. Since a + b is even, 
b-u is even. Thus it is enough to consider b-u=4. From u2<u3 < 2u, 
and b-u=4 we have a= -2 and b=2. By a> -a,/2 we have u,>5. 
Again (a,, u2, Us) $ {Us = 2(u, - a,), u2 = 5}, so we have a, > 6. Thus 
(b - a) u2 > -6u + 2~. 
This completes the proof of (11). 
641/39/l-S 
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Proof of (12). Divide into three cases: 
Case 1. a>O, b>O. By a,<2a, we have h= 1. By a,#a, +a2 and 
a+ b being even we have a+ b34. That is, a33. From a<a,/2 we get 
a,>6. Thus by a,=aa,+a,>3a,+a,>9 we have 
(a-l)a,39(a-1)>6a, 
that is, (12). 
Case 2. a > 0, b < 0. By a3 = aa, + ba, > 2a, we have a > 3. By a 6 a,/2 
we have 2a, + a3 b 6a. Thus 
- b(2a, + a3 - 6a) + (a - 2) a3 > 0, 
that is, (12). 
Case 3. a < 0, b > 0. In this case (12) is equivalent to 
b(2a,+a,+6a)+(-a-4)a,aO. (13) 
By a > -a,/2 we have 2a, + a3 > -6a. If a< -4, then (13) holds. 
From a3 = aa, + ba, > a2 we have b b 2. By a3 = aa, + ba, = a(al - az) + 
(a+b)a,<2a,anda+bbeingevenwehavea+b~O.Ifa+b~-2,then 
a< -b-2< -4. Hence it is enough to consider a+ b =O, a> -3, and 
b 2 2. 
If a = -3, then by a > -a,/2 we have a, 3 7. Thus 
b(2a,+a,+6a)+(-a-4)a,=6a,+2ax-5420, 
that is, (13). 
If a = -2, then by a > -a,/2 we have a, b 5. Again (a,, a2, aj)$ 
{a3 = 2(a, - a,), a2 = 5}, so we have a2 3 6. Thus 
b(2a2+a,+6a)+(-a-4)a,=4a,-2420. 
This completes the proof of Lemma 5. 
From Lemma 3, 4, and 5, we get a proof of Theorem l(A). Since for 
a3 = 2a, and any two integers k,, k,, inequality 
)a3 - $a2 < a2 k3 - a3 k, < +a3 - ia 
cannot hold, we know that the result in (A) cannot be improved. 
Proof of Theorem l(B). Let a = -3k, b = 3k. If we take A = i and 
r = -k + 4, then (l), (2), and (3) all hold. Conversely, suppose that there 
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exist A and r such that (l), (2), and (3) all hold. Without loss of generality, 
we may assume that A > 0. By (1) we have A = $. By (2) we have 
r < -k + 4. By (3) we have 
1 6k2+4k+ 1 1 
r> -- 
2 3k+ 1 
> -k-j. 
Thus r= -k+i. For A=+ and r= -k+$ we have 
Hence the result in Theorem l(B) cannot be improved. 
Proof of Theorem l(C). Let 
1 
a,-aI=3k,3k+2, 
r=- 
2 
and A= 
a2-a,=3k+l. 
Then (l), (2), and (3) all hold. Conversely, suppose that there exist A and 
r such that (1 ), (2), and (3) all hold. Firstly we consider the case 
a2 - a, = 3k. From (1 ), (2), and (3) we see that we can always take r > 0. 
If A > k/2, or A = k/2, and r > l/2, then 
b a2 + 2a, 
;A+f$r=A+a,r>~+~a,=~= 
If A <k/2, then 
-:A+Tr= -A+a,r> - 
Hence A = k/2 and r = l/2. Thus 
Therefore for the case a2 - a, = 3k the result in Theorem 1 (C) cannot be 
improved. Similarly for cases a*-a, = 3k+ 1 and a2 -a, = 3k+ 2, the 
results in Theorem l(C) cannot be improved. 
This completes the proof of Theorem 1. 
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Proof of the Corollary. If (a,, a2, a3) = (1, 2, 3k) for some integers 
k>2, then by taking A=+, a=h=k, and r=i we have 
ai-a, ’ 
aikj - ajki + - 
2 > 
= A2 + (bA + a, r)* + ( -aA + a2r)’ 
=f(2k’-2k+6) 
< +j (a: + ai + a:). 
Thus P(a,, a,, a3) < A, From Theorem l(A), Theorem 2, Lemma 1, and 
P(al, a2, a31 = f$ .C ,I, (k- llaitll~, 
we can derive Corollary (A). 
In the following we prove Corollary (B) for the case 3 j a2 - a,. In this 
case we have 
= A2 + (A + alr)2 + (-A + a2r)2 
2 a:+a:+a3r2 
3 
and for r = d and Irn + $a1 - a,)1 = f, “=” holds. Hence 
P(al,a2,a,)=~+~a2+~2+a2. 
1 2 3 
Similarly, we can prove Corollary (B) for the case 3 1 a2 - a,. 
This completes the proof of the Corollary. 
3. REMARKS 
By using the method in this paper we can prove the following 
conclusion: 
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THEOREM. For any three positive integers a, <a, 6 a3 such that 
g.c.d.(a,,a,,a,)=l, a3#2a2, a3#2a,, a2#2a,, and a3#a,+az, there 
exist three integers k,, kZ, k3 such that 
aikj = ajk, < i aj - f ai, i, j= 1,2, 3, 
except that (a,, a,, a,)= (1, 3,8), (44, lo), (44, 13), (L4, 18), (1, 5,8), 
(1, 5, 12), (1, 5, 14), (1, 7, 101, (1, 7, 16), (1, 7, 18), (1, 8, ii), (1, 8, 14), 
(4 10, 13), (1, 10, 181, (1, 12,26), (1, 15, 18), (2, 3,9), (2, 3, lo), (2, 3, 111, 
(2, 3, 15), (2, 3, 16), (2, 3,20), (2, 5, 6), (2, 5, 17), (2,7, lo), (2, 8,9), 
(239, 101, (2, 9, 14), (2, 9, 15), (2, 11, 17), (3,4, 14), (3,4, 15), (3, 5, 14), 
(3, 7, 16), (3, 7, 20), (3, 8, lo), (3, 11, 1% (4, 5, 7), (4, 5, 18), (4, 6, 7), 
(4, 6, 13), (5, 6, 13), (5, 6,22), (6, 8, 111, (6, 13, 14). 
Since the proof is complicated, we give only the conclusion here. 
It is very interesting to find the largest a such that given any E > 0, there 
exist finitely many real points (Zi, mi, ni) (i= 1, 2, . . . . n) satisfying for any 
three positive numbers a,, a,, a3 with l,a, + mia2 + nia3 # 0 (i = 1, 2, . . . . n) 
that there exist three integers k,, k,, k, such that 
a,k, - ajk, < (1 - A) a, - lai, i, j= 1, 2, 3, 
where 1=a-E. 
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